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Mereotopology

Mereotopology = Mereology + topological relations.

mereology is an ontological discipline, theory of “Parts and
Wholes”(see [9]);

main relations in mereology: part-of, overlap and underlap;

its mathematical equivalent are complete Boolean
algebras without the zero element (Tarski, see [9]);

the mathematical equivalent to mereotopology Contact
algebras ([1], [2], [10])-

Contact algebras = Boolean algebras-+contact-based relations.
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Contact algebras - general definition

Definition (Contact algebra)
(B,C) = (B,0,1,.,+,%,C) is called a contact algebra if B is a
Boolean algebra and C is a binary relation satisfying:

xCy=x#0&y+#0, xCy—=yCx,
xC(y+z)<=xCyorxCz, xy#0=—xCy.



Mereotopology

Contact algebras - general definition

Definition (Contact algebra)
(B,C) = (B,0,1,.,+,%,C) is called a contact algebra if B is a
Boolean algebra and C is a binary relation satisfying:

xCy=x#0&y+#0, xCy—=yCx,
xC(y+z)<=xCyorxCz, xy#0=—xCy.

Lemma

Let X be a topological space. Then (B, C) is a contact algebra,
where B is the Boolean algebra of the regular closed sets of X
and C s the topological contact in X.
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Contact algebras - standard definition

Lemma

Let (X,R) be a frame, where R is a reflexive and symmetric
relation. (B, C) is a contact algebra, where B is the Boolean
algebra of the subsets of X and C is defined for x,y C W:

xCy iff Jaex,dbey,aRb.
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Contact algebras - standard definition

Lemma

Let (X,R) be a frame, where R is a reflexive and symmetric
relation. (B, C) is a contact algebra, where B is the Boolean
algebra of the subsets of X and C is defined for x,y C W:

xCy iff Jaex,dbey,aRb.

Definition (Mereotopological structure)

Let (B,0,1,.,+,*,C) be a contact algebra.
W= (W,<,0,U,C) a (static) mereotopological structure if
W0, W C B and <, O and U are defined

x<yiffxyx=0,x0yiffxy#0, xUyiff x+y #1.
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Stable and unstable relations - standard definition

Definition (Standard dynamic mereotopological structure)
Let I # () and for every i € I, W, = (W, <;,0;,U;, C;) be a static
structure. Let W C [],c, Wi, W # 0.
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Stable and unstable relations - standard definition

Definition (Standard dynamic mereotopological structure)
Let I # () and for every i € I, W, = (W, <;,0;,U;, C;) be a static
structure. Let W C [];c, Wi, W # (. Then for x,y € W:

x<y iff Vielx<jy Stable part-of,
xoy iff Viel xO;y; stable overlap,
xuy iff Viel xU;y; stable underlap,
xcy iff Viel xC;y; stable contact,
x=<y iff FJielx <y unstable part-of,
xOy iff Jielx Oy unstable overlap,

xUy iff Fiel x Uy unstable underlap,
xCy iff FielxC;y unstable contact.
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Stable and unstable relations - standard definition

Definition (Standard dynamic mereotopological structure)
Let I # () and for every i € I, W, = (W, <;,0;,U;, C;) be a static
structure. Let W C [];c, Wi, W # (. Then for x,y € W:

x<y
X0y
xXuy
xXcy
Xy
xOy
xUy
xCy

iff
iff
iff
iff
iff
iff
iff
iff

Viel,xi <y
Vie I, x; O; Vi
viel, x; U; Yi
vie l, x; G; Yi
Jiel,xi <iyi
diel x;O;y;
Jiel,x;U;y;
diel, x; Cjy;

stable part-of,
stable overlap,
stable underlap,
stable contact,
unstable part-of,
unstable overlap,
unstable underlap,
unstable contact.

W= (W,<,0,u,c,=,0,U,C) is a standard structure.
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Dynamic mereotopological relations

Intuition

The intuition behind the formal definition is
¢ | are the moments of time;
e W, are snapshots of the environment;
e x € W are histories of changing regions;
e stable means always;
e unstable means sometimes.

Integrated language of spacial and temporal primitives, which
cannot be considered independantly (ideas of Whitehead [11]
and de Laguna [4]).
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Stable and unstable relations - general definition

Definition (Dynamic mereotopological structure)
(W, <,0,u,c,=<,0,U,C) is a dynamic structure if it satisfies:

(
(M2)x<y&y<z:>x<z
M) x <y&y<x=x=y
(M) x Oy = yOx

(M5) x Oy = xO x
MB)xOy&y<z=x02z
(M7) x O xorx <y

M8 xUy=yUx

M) xUy = xUx

MIO)x <y&yUz=xUz
(Cl)xCy=yCx
(C2)xO0y=xCy
(C3)xCy=x0x
(C10)zct&xUy&zOy&tOx

Mi1)y Uyorx <y
M12) x < yorx O zory U z
M13) x O xorx U x
14)
M15)x<y&y-<z:x-<z
)
)
)
)

=

(

(

(

(

(

MI6)x < y&y<z=x=<2z
(M17)xoy = yox

(M18) x oy = x 0 x
(MI9)xoy&y<z=x02z
(M20)xoy&Yy <z=x02z
(C4)xCy&y<z=xCz
(CB)xcy=ycx
(C6)xoy =xcy

=xCy

(M21) x o xorx <y
(M22) x 0 zory U zorx < y
(M23)xuy = yux
(M24) xuy = xux
(M25) x < y&yuz=xuz
(M26) x < y&yuz=xUz
(M27) x O zoryu zorx X y
(M28) yu yorx <y
(M29) x 0 xorx U x
(M30) x O xorx u x
(C7)xcy=xo0x
C8)xcy&y<z=xcz
C9Yxcy&y2z=xCz
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The first-order logic

Two classes: the standard structures - ¥ ¢4, and the general
structures - Ygen. Results ([5], [6], [7]):

e FOL(Xsg) = FOL(Xgen);

FOL(X4q) is complete w.r.t. (M1)-(M30), (C1)-(C10);
FOL(Xstq) (or FOL(Xgen) respectively) is hereditary

undecidable (see [3]);

the quantifier-free fragment of this logic is complete;

the satisfiability problem of the quantifier-free fragment is
NP-complete;
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The logic, axioms, definability

The polymodal logic of ¥4 and the universal relation A.
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The modal logic

The logic, axioms, definability

The polymodal logic of ¥4 and the universal relation A.
(M1)-(M30), (C1)-(C10) are definable, but (M3). Replace it with:
(M3) xOxandy <x=x=y

M3) xUxandx<y=x=y

(M3”) zOxandzUyandy<x=x=y

Definition

(W,<,0,u,c,<,0,U,C) is a non-standard structure if it
satisfies (M1),(M2),(M3’),(M3”),(M3”),(M4)-(M30), (C1)-(C10).
These structures form X onstd-

Lemma (P-morphism lemma)

For every non-standard structure W there is a general structure
W' and a p-morphism from W onto W'.

Proved via a generalization of Segerberg’s Bulldozer method.
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(3) « is true in every general structure from ¥ gen;

(4) « is true in every standard structure from ¥ gy.
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Theorem (Completeness theorem)
The following propositions are equivalent for every formula o:
(1) « is theorem of the logic;
(2) « is true in every non-standard structure from ¥ ponstd;
(3) « is true in every general structure from ¥ gen;
(4) « is true in every standard structure from ¥ gy.
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Completeness

Theorem (Completeness theorem)

The following propositions are equivalent for every formula o:
(1) « is theorem of the logic;

(2) « is true in every non-standard structure from ¥ ponstd;

3) « is true in every general structure from ¥ gen;

4) « is true in every standard structure from ¥ gy.

(
(
S

D

e [5], [7], [8] for detailed proofs. Here is a sketch:
(2): soundness;

(2): generated cannonical models;

(3): every general structure is non-standard;
(3): P-morphism lemma;



The modal logic

Completeness

Theorem (Completeness theorem)
The following propositions are equivalent for every formula o:
(1) « is theorem of the logic;
(2) « is true in every non-standard structure from ¥ ponstd;
3) « is true in every general structure from ¥ gen;
) « is true in every standard structure from ¥ gy.

(1) — (2): soundness;

(1) +— (2): generated cannonical models;

(2) — (8): every general structure is non-standard,;
(2) +— (8): P-morphism lemma;

(8) — (4): every standard structure is general;



The modal logic

Completeness

Theorem (Completeness theorem)

The following propositions are equivalent for every formula o:
(1) « is theorem of the logic;

(2) « is true in every non-standard structure from ¥ ponstd;

): soundness;

): generated cannonical models;

): every general structure is non-standard;

): P-morphism lemma;

): every standard structure is general;

): representaion theory (every general structure has
p
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The first reduct

The first reduct

The logic with the unstable contact C, without the stable contact
c¢. Models of the form W = (W, <,0,u, <,0,U, C).

Filtration: start from reduct model (W, v) and set of formulae I'.
1. I is closed under sub-formulae;

2. (R)T €T for each of the modalities o, u, O and U where T
is an arbitrary fixed MLDM tautology;

3. if [R]a € T for some modality R then [R]a € T for all
modalities of the logic.

We build the filtered finite model (W', v') in the standard way.
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The filtration - relations < and <

Relation <’: [x] <’ [y] holds iff the following conditions are met

v(x,(0)T) = 1implies v(y, (O)T) =1, v(y, (U)T) = 1implies v(x, (U)T) =1,

v(x, (0) T) = 1implies v(y, (0) T) =1, v(y,(u)T) = 1implies v(x, (u)T) =1,

v(x, [<]a) = 1implies v(y, [<]a) =1, v(y, [>]a) = 1implies v(x, [>]a) = 1,

v(y, [O]a) = 1 implies v(x, [O]a) = 1, v(x, [Ula) = 1 implies v(y, [U]a) = 1,

v(x, [R]a) = 1implies v(y, [X]a) =1, v(y, [=]a) = 1implies v(x, [~]a) = 1,

v(y, [0]a) = 1 implies v(x, [0]a) = 1, v(x, [u]a) = 1 implies v(y, [u]a) = 1,
s

v(y, [Cla) = 1implies v(x, [Cla) =1, v(y, [c]a) = 1implies v(x, [c]a) = 1.
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Relation <’: [x] <’ [y] holds iff the following conditions are met

v(x, (O)T) = 1implies v(y, (O)T) = 1,
(0)T) = 1implies v(y, (0)T) =1,
X, [<]a) = 1implies v(y, [<]a) =1,

(
v(x,
(
v(y, [O]a) = 1 implies v(x, [O]a) = 1,
(
(
(3

Vi

v(x, [R]a) = 1implies v(y, [X]a) =1,
v(y, [0]a) = 1 implies v(x, [0]a) = 1,

v(y, [Cla) = 1implies v(x, [Cla) =1,

Relation <': [x] =<’ [y] iff

v(x, (0)T) = 1implies v(y, (O)T) =1,

v(x, [X]a) = 1 implies v(y, [<]a) =1,
v(y, [O]a) = 1 implies v(x, [0]a) = 1,
v(y, [Cla) = 1 implies v(x, [cla) = 1.

v(y, (U)T) = 1 implies v(x, (U)T) = 1,
v(y, (uyT) = 1implies v(x, (u)T) =1,

v(y, [>]a) = 1implies v(x, [>]a) = 1,
v(x, [Ula) = 1 implies v(y, [U]a) = 1,
v(y, [=]a) = 1implies v(x, [>=]a) = 1,
v(x, [u]a) = 1 implies v(y, [u]a) = 1,
v(y, [c]a) = 1implies v(x, [c]a) = 1.

v(y, (u)T) = 1implies v(x, (U)T) =1,

v(y, [Z]e) = 1implies v(x, [>]a) =1,
v(x, [Ule) = 1 implies v(y, [u]a) = 1,
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The filtration - relations o, O, u, U and C

Relation o': [x] o' [y] iff
v(x,{(0)T) =1
v(x, [0]a) = 1 implies v(y, [<]a) =1,
v(x, [O]a) = 1 implies v(y, [X]a) =1,

Relation O': [x] O’ [y] iff

v(x,(0)T) =1

v(x, [O]la) = 1implies v(y, [<]a) = 1),

Relation u’: [x] U’ [y] iff
v(x,(u)T) =1
v(x, [u]a) = 1implies v(y, [>]a) = 1,
v(x, [U]la) = 1implies v(y, [=]a) = 1,
Relation U’: [x] U’ [y] iff
vix, (U)T) =1
v(x, [Ula) = 1implies v(y, [>]a) =1,
Relation C': [x] C' [y] iff
v(x,(0)T) =1
v(x, [Cla) = 1implies v(y, [<]a) = 1),

v(y, (©)T) =1
v(y, [0]a) = 1 implies v(x, [<]a) = 1,
v(y, [O]a) = 1 implies v(x, [X]a) = 1.

v(y, (0)T) =1
v(y, [O]a) = 1 implies v(x, [<]a) = 1).

vy, (uT) =1
Wy, [Wla) = 1 implies v(x, [>]a) = 1,
v(y, [Ula) = 1 implies v(x, [=]a) = 1.

vy, (U)T) =1
v(y, [Ula) = 1implies v(x, [>]a) = 1.

v(y,(O)T) =1
v(y, [Cla) = 1 implies v(x, [<]a) = 1).

Open problems
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The second reduct

The logic with both contacts, without the unstable part-of <.
Models of the form W = (W, <,0,u,c,0O, U, C).
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Models of the form W = (W, <,0,u,c,0O, U, C).

Filtration: start from reduct model (W, v) and T.
1. I'is closed under sub-formulae;

2. if a € T and a does not start with [<] (i.e. ais not in the
form of [<]B) then [<]a € I and [<]-a € T.



The second reduct

The second reduct

The logic with both contacts, without the unstable part-of <.
Models of the form W = (W, <,0,u,c,0O, U, C).

Filtration: start from reduct model (W, v) and T.
1. I'is closed under sub-formulae;

2. if a € T and a does not start with [<] (i.e. ais not in the
form of [<]B) then [<]a € I and [<]-a € T.

The filtered finite model (W', v') is build standardly.
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Relation <’ is defined standardly for S4 modality:

forall [<]a €T, v(x, [<]a) = 1 implies v(y, [<]a) = 1.



The second reduct

The filtration

Relation <’ is defined standardly for S4 modality:

forall [<]a €T, v(x, [<]a) = 1 implies v(y, [<]a) = 1.

X]O' [y] < 3z,te W, [z] <" [x],[t] <' [y]and z O t.
XU [y] < 3z, te W, [x] < [z],[y] <'[fland z U t.
[X] o' [y] <3z, te W, [z] < [x], [f] <'[y]and z 0 t.
X]u' [y] <« 3z,te W, [x] <" [z],[y] <'[tland zu t.
X [yl < 3z, te W, [z] <" [x],[t] <'[y]and zc t.
X]C' [y] < 3z, te W, [z] <" [x], [t] <'[y]and z C t.
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Open problems

Open problems and further developement of the dynamic
mereotopological relations and logics for them:
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Open problems

Open problems and further developement of the dynamic
mereotopological relations and logics for them:

¢ the decidability of the full modal logic;

e the complexity of the modal logic (if it is decidable);
e the complexity of the decidable reducts;

¢ addition of more mereotopological relations;

e addition of more temporal constructions - e.g. before, until,
since, etc.
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Thank you!!
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